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Abstract

^'l IhT !"p*: we will generalize the concept of a lifting module. various properties and characterizations

;:,,:#,:ffi:t 
case; the pure lifting module, are estaLlished and some other known ,.*urt, has been
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Introduction

A submodule A of a rnodule M is called
small if whenever A+B:X4, for some sub-
rnodule B of M, then B:M, and a module
M is called a lifting module if for every
sub-module N of M" there exists a direct
summand A of M such that d ffi f_d and
Nt-lB small in M, where M = A ffi B, for
some sub-module B of M, see tU.Now recall that a sub-module ,(t of an R_
module N{ is called a pure sub-module ifIMON:IN, for every finiteiy g*n*out*O
ideal I of R, see l2l, ana [j]. 

"Or*- 
,un

easily show that every direcf zurnmand is
pure.

These observations lead us to introduce
the. following concept an R_module M is
called a_pureiy lifting moilule if fior every
sub-module N of N{ , there exists a pure
sub-module K of M such that K G N and
NIK is small in M/K. This work consists
of three sections. In section one we give a
review of some of the properties of iining
module, see [l].

Also we add some new results, for
exarnple we proye that for a finitely
generated, faithful and multiplication R-
module. &f is lifting if and only if R is
lifting, see (1.6), In section twa, we give
the definition of the purely lifting moclules
with some examples and basic properties.
And we give a characterization for a
purely lifting module, see (2.9). We prove
that, for a V-mo,jule M, M is purely tifting
if and only if M is a regular module, see
(2.4). In section 3, we note that all rings
considered in this paper are unitary (Jft
R- modules).

$1 Liffing modules

In this section we recall some basic
results of lifting modules. We also add
some new results. We start by the
following proposition, see Il ].

Proposition 1.1: LEt M be an R -module.
The following statements are equivalents
{t} M is iifting.

ffi
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(fi)Every sub-module N of M can be

written as N = AS S, where A is a direct

summand of M and S is small in M.

{S}For every sub-module N of IM, there

exists a direct summand K of M such that
K ffi N and N/K is small in M/K.

Theorem 1.2: [i] Let R be a ring with
J(R) :0. Then the following are equivalent

(*.)n is semisimple.

{?}Every R module is lifting.

Let R be an integral dornain, recall that an

R-module M is a prime R-module if
ann(a):ann (M), for all 0la* M, [4]" We

know that the sum of all simple
submodules of fuI is called the socle of M
and is denoted by Soc (M), moreover if
Soc (M) -0 then M has no simple
submodule, and if Soc (hrl) =M then M is
semisimple module, see [5].

Proposition 1"3: Let R be an integral
domain and let M be a prime R-module
such that Soc (M)fO, then M is
semisimple.

Proof: Since Soc (M) * 0 and Soc (M):f
Rx, where Rx is a simple sub-module of
M, then there exists ru I M such that R;r6

is simple. Now consider the following
short exact sequence

r,f
0 --* ann(xe) * R ---* Rr* --+ 0,

'V/here i is the inclusion map and (r) = rxp

for all r in R. By the first isomorphism
theorem Rx* ts (R/kerf) : (R/ann(x6)).

Now let Rx be any cyclic sub-module of

M such that x * 0. Since M is a prime
module, then ann(x) : ann(:ru). Now

consider the short exact sequence

i1 s
0 -r ailn(x) -**="t R --+ 

Rx -"* 0,

Where il is the inclusion map and g(r):rx,
for all r in R. By the first isomorphism

theorem Rxtu { q*'l * f, I, ,) , and
\{ftlt!t J \stlfii.a,J.,

hence Rx s {ffi,) = t",,fo} n *,*,
but Rw6 is simple therefore Rx is simple.

Thus M=Soc (M) and hence M is

semisimple,

Corollary l.4t Let R be an integral
domain and let M be a prirne R-module
such that Soc (M) I 0, then M is a lifting
module.

Proof: Clear.

Proposition 1.5: Let Iv{ be a projective R-

module. If M is a lifting module then MAI
has projectivo cover, for each sub-module

NofM,

Proof: Let N be a sub-module of M.
Since M is a lifting module, then M = A
$ B, where A,s N and BtlN is smail in B.

Now consider the following two short

exact sequences

dl _ rtr Ar+#
0 *-+N **+ N+B * ?', U

ia

0 -r Nl^)B ----.-;r
1r.: RB --""""- ;fu *-+ 0

Where il and 12 are inclusion maps and

srl and :rril are the natural epimorphisms.

By the second isomorphisrn theorem
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(M/N):( (N+B ),\D #@l(N n B ) ),
since M is projective and B is a summand
0f M, then by [5] B is projective. But
NnB is small in P, therefore ts is

projective cover of ;fo , and hence B is

projective cover of #.

Recall that an R-module M is called a
multiplication module if N : 0'[: M) M,
for every sub-module N of M, see [6].

Proposition 1.6: Let M be a finitely
generated, faithful and multiplication R-
module. M is lifting if and only if R is
lifting.

Froof -+) Let I be an ideal of R. Since M
is multiplication, then IM: (IM:M) M.
Since M is a lifting module, then by (1.1)
IM:A ffiB, where A is a summand of M
and B is small in M. But M is a
multiplication rnodule, then
o4 o dr SdJjld, and
g s {6:Jil}.il*f. Now,:

iP{: (A:M)M ffi (B:M)M

=((A:NzI)+(B:M))M, and,O : (A:M)M I
(B:M)M : ((A:M) n (B:M))M, thus
(A:M) 0 (B:M) # amM:0 and hence IM
: ((A:M) # (B:M))M. Since M is finitely
generated, faithful and multiplication R-
module, then by [7], M is a cancellation
module and hence I: (A: M) ffi (B: M).
we claim that (A: M) is a summand of R,
to shorv that. Since A is a summand of M,
then M --A & A1, for some sub-module

,{1 of M. Now M: RM: A ffi A'1 =
(A:M)M & (At:M)M : ((A:M) #
(Al:M))M. But M is cancellation, so R =

(A: M) ffi (A1: M). to show that (B: M) is
small in R. Let (B: M) *J: R, for some
ideal J of R.
So B+JM= (B: M) M*JM: ((B: M) +J)
M: M, but B is small in M, therefore JM
: M : RM. Since M is a cancellation
module, then J: R. By (1.1) R is a lifting
module.

+* ) By the same way, one can prove the

converse.

Proposition 1"7: Let M be an R- module

and let tr : ,ffi then M is lifting as R-

moduie if urd oniy if M is lifting asft-
module.

Proot Clear.

Recall that a sub-module N of an R -
rnodule M is called fuliy invariant if for
every endomorphism f; M **p M, f (N) tr
N, see [8] , and an R- module M is called
fuliy stable if every sub- module of M is
fully invariant, see [8].

ts

Proposition 1.8: Let M: 
* S*** O" u
l-.t

fuily stable R- module. The module M is
lifting if and only if each fif; is lifting.

Proof: --=r) clear by [1] .

i**) let N be a sub-module of M and let

?r

I* : S rlf, ry+ Jt{f b" the natural
| *.1I -a

projection, for all j: l, 2... n. We clairn
q
at

that N: ffi (Nfi *f,), to show that iet xS
i*4E*-I.
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N, then x = X&l #e , :[i s fiS, , clearlY

w*(x):xs, since M is fully stable, then "rr* r
N for all i. Thus a*r*n$u[.}N and hence

N : ffi (NfX difl). Now for each i, Nni${t
J-!t{*I

is a sub-module of i,lf" since fi$uis lifting

then Nllrtdlc: Si S #* , where C* is a

summand of lbf, and S, is srnall in SS,.

s's, ill.

N: ffi C{f},t{r}= &! (.d,#Sr}
:-') ,'-* 

j

I*i r*t
!tn

:( s **) ffi ( ffi *r) . since '&, is a

i=* dpl
summand of &f, for all i, then one can

.in

easily show that # d, is a summand
f*1"

$
of &' ,W,:M. Since S* is small in Sf; ,

f*L r[ rt

for all i, then S s, is small in ffi ffiu

f *$, i*l
=M. Thus M is a lifting module.

Proposition 1.9: let R be a ring. The

following statements are equivalent

(1) Every free R-module is lifting.

(2) Every projective R-module is lifting'

Proof: (1)*r(2) let h{ be a projective R'

module. By [5], there exists an

epimorphism f: F -"-i M, where F is a free

R-module. Now consider the following
short exact sequence

if
6 ---r kerf *r F :-* M *"ti 0, where i is

the inslusion map' Since M is projective,

then by [5] the sequence is splits and

hence F ix kerf ffiM. By our assumption,

F is a lifting module. Since M is

isomorphic to a direct summand of F, then

by [1], M is a lifting module'

(2')* (1) is clear.

Using a similar argument one can prove

the following.

Proposition 1.10: tet R be a ring' The

following statements are equivalent

{t} pvery finitely generated free R-

mr:dule is lifting.

{3} Every finitely generated projective R-

module is lifting.

lemma 1.X.1: Let R be a ring with

J(R):O. The following staternents are

equivalent:

{r}n is semisimPle'

{}}Every R-module is lifting'

{g}pvery projective R-module is lifting

{4}Every free R-module is lifting'

{$}Every finitely generated free R-

module is lifting.

{6,}Every finitetry generated projective R-

module is lifting.

{?}RffiR is lifting.
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Proof: (1)+-r(2) by [8], and(l) * (5)
clear by [5].

,[$] * (1) Since R is finitely generated

and free as an R-rnodule, then R is lifting.
But.fffi): 0, so R is semisimple.

{7} * (1) Since R is a direct summand of
RSn is hfting. then R is tiiting. But J(R)
E 0, therefore R is semisemple. And
{'X} * {?} is ciear.

$ 2 The purely lifting modules, lrasic
results and examples.

In this section we introduce the concept of
the pure lifting modules, and we illustrate
it by examples, r,ve also give some basic
properties.

Recall that a sub-rnodule N of an R-
module M is called a pure sub-module of
M if for every finitely generated ideal I
(equivalently every ideal I of R),
IMON:IN, see [2].

Definition 2.1: An R"-n'rodule Ld is called
a puely lifting rnodule if firr every sub-
module N cf M, there exists a pure sub-
module K of M such that N/K is srnall in
I\4/K.

Recall that an R-module M is called pure
simple if 0 and M are the only pure sub-
module of M, [9].

Examples and rernarks 2,2:
(S"lConsiOer the module Z as Z-module.

One can easily show that Z is pure sirnple.
Let nZ be a non-triviai sub-moctule of Z.If
Z is purely lifting then there exists a pure
sub-module K of M such that K 6nZ ancl

nZ,I<is smail in ZlK. But Z is pure simple,
so K:0 and hence nZ is srnall in Z rvhich
is a contradiction" Thus Z is not pureiy
lifting.

{}) Consider the Z-module Q. It is know
that Q is pure simple. One can easily show
that Q is not purely lifting.

,{3}Recall that an R-module M is called a
hollow n:odule if every proper sub-module
of M is small in kI, see [10.]. Clearly that
every Hollou,module is purely lifting.

{-["]Every lifting rnodule is purely lifting,
but the converse need not be true in
general.

{S}An R-module M is said to be regular
if for all a fi M, for all r S R", there exist

x * R such that rx ra : ra equivalentiy ,

every sub-modutre of M is pure [11]
Every regular R-rnoduie is purely lifting,
and the converse is not true in general.

Remark 2"3: let M be a pure simple R -

module, then M is purely lifting if and
only if M is hollow module.

Proof:**) Let N be a proper sub-module

of N{. Since M is purely lifting module,
then there exists a pure sub-module K of
M such that K sub*module of N and N./K
is small in N,IIK. But M is pure simple,
therefore K:0 and hence N is small in M,
soMisahollow.

+--) Clear.

Recall that an R-module M is called a V-
moe{ule if for every factor rnodule N of
M, ft*d(#) * O, see [10].

129



(JZS)Jourual o! Zankoy Sulairnani, fr{rtvember 2007' l0(l) Part A
A ufi r t t. *fst1 t,t st11o t*ti& elt* els$ r*tiil

- r- 
---- 

,-

Remark 2.4: LetM be a V- module, then trt's known that every commutative ring

M is purely lifting if anci only if M is a with identity has the psp [121.

regular module' 
Propositio n 2.7: Let M be a purely

Proof: let N be a sub-mocluie of M. Since lifting rnodule such that M has the psp. if
M is purely lifting, then there exists a pure N is a pure sub-module of M ,then M/l{
sub-module K of M such that Kffi N and is a purely lifting R -rnodule '

NiK is srnall in M/K. But M is a V- proof: let AAtr be a sub-module of M,t{.
module, then J (MlK) = 0 and hence (N/K) i;; U i, purely lifting, then there
:0 by [5]' Thus N: K' exists a pure sub-module n oru sueh that

It is known that, if M is a regular module, B * A and AIB is small in MIA' Since N

then J (M) = 0, see [11]. The following is pure in M, th€n.B+M is pure in M and

example shows thai ; purely lifting hence by [5], # tt pure in MA'{, elearly

module need not be a lifting 6riv * jiji . , srrr

Exampre 2.s: Let R be a regurar ring ffiff#i:,ff;r.J""X|:i:
il:;"1([i:';:rIlT5!:',ffi::L['T:l'fr: ; .;'i; ,** ,no * " 'muil 

in ffi
module M such that M is not lifting. But R .let K:B+N.
is a regular ring, so by [11] M is a regular By the third isomorphism theorem:

mociule and hence M is purely lifting. ((ANyGnf))&(A/K) and ((MA{)l

proposition Z"6t l-et N be a direct 6/l{)) * (M/I()' So ((ANy(K/N)) is

summand of a purely iifting R-module M, small in {(M"Nfy (KAD thus (Mi}l) is

then N is a purely lifting. purely lifting'

Prooft Since l'tr is a direct summand of Corollary 2"8: let R be a purely lifting

M, then M = N ffi Nt, fcr some sub- ring and let I be a pure ideal of R, then M
module Nl of M. Now let A be a sub- is purely lifting as an R -module '

ffi:l*."JJ',:1T# ,i':ff[,]'?? Proor; crear

M such that KfiA and AJK is small in In the following theorem we will give the

M/K. By t2l K is pure inN. Since N is a characterizationsof apurelylifting
summand of M, one can easily show that module.
N/K is a summand of M/K. But (A/K) 'ffi

(N/re, so A/K is small in NIK bv tal. Tht:T,t* 2'9: .le,t'o:'l tmodule' 
then

Thus N is purery rifting. 
-ar' the folrowing statements are equivalent

Recail that an R-module is said ta have the
pure sum property (psp) if the sum of uly i r ) M is purely lifting module.
two pure sub-module of M is pure [12].
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{"?} For each suli-module },i of M, there (3) * (3) clear, take s= G'nD"
exists a pure stitr-moduie K of M sucir that i.j] *- q3) Let
K # N and M =K*K', K' is a sub-modr_rle

of M, N=K-S, S is a sui:-nrodule of N and 5i'Y , *i* .' L
(Si (K'nK)) is small in (K'/ K'nK)). h 'l't ff;1ff K*'{"

i3J For each sub-moduie N of M, there
exists a pure sub-module K of'M such that
M=K*K', for some K' sub-module of M
and KEN- and ((K'fN)i (K'nK)) is small
in (K'/ (K'.K)).

Proof: {1.} --* i3 } Let N be a sub-moclule
of fuI. Since X,4 is purely lifting, then rhere
exists a pure sub-moclule K oi M such that
K LIN and NiK is smail in MlK, clearly
that I/:K+N4. let K":M, then S* = { isd "r. 

&:

smal.l in 3=-fl*

{.3} * {"} j iet N be a sub-module of futr.

By our assumption, there exists a pure
sub-module K of M such that KnN,
M:K-|K', K' is a sub-niodule of iU, and

ffi ,r smali in .#" We ciairn rhat

N/K is small in H,yf.':f,: shcw that let

#* * * f , B is a sub-moduie ofM, and

hence N+B:F,{. Since M:K-K', then by
modular larv N:K* (K'n$. lr{ow M:K:
(K'nN+B: (K'nhl)+B. Bf. rnodular law
K'= (K'ng+(K'tB). So

{ilf * flifl * -&r, But $# is smail,il 3.i(' ' J{'f"'If }f la,{
:.- .tr 6." .t Jf-rn;;"*, therefore ;;i=o*_ and

hence K'flB:K'. So K'sB but K6B,
therefore K*K'=M:B.

Since ltJ:K+S and SfiK', then by modular
law NllK': (KnK') +S, and hence

, *-11.{ ..+J 6 S . S' ia
"+ 

-sx -,.*",-5 

M
Jrfi&" d*i{' #flri' g''s' .#i':.r{'

-f A''HuL *.r_. rs small ln fa_,rheretbre

;ft:: # "thus B:K'.

$3 The tlirect sum of the purely lifting
rnodules:

We start this section by the follor.ving
remark

Remark 3.1: If M and N are purely
lifting R-modules, then MffiI{ may not be

purel1, lifting as is seen in the following
example.

Corrsider the ring R: Zs # Zz, One can

easily show that each of the ideals Zr S 0

ancl 0 {$ Zz is purely lifting. let N:
((f,U, the only pure ideal in R contained

in N is ((S',S)), if R is purely lifting, then

hl is small ideal in R, which is
contradiction because N + ((I,t)) : R.

F{ence R is not purely lifting.

Proposition 3.2: Let M be a fully stable

R-rnoclule such that M : 
o E', *, , where

each Mi is a sub-module of M, then the
module I\4 is purely lifting if and only if
each Mi is purely lifting.
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Proof:---+) Clear by {2.6). Proposition 3.3: Let M1 and M2 be two
purely lifting R-modules if ann(Ml) +

+'* ) Let N be a sub-module of M. for each ann(M2) : R, then Ml # M2 is purely

j f;I, let E, :M*' &J, be the natural lifting module.

projection. Each xffiN can be written as a

finite sum x= Sse i rrt, , u.,ith ntu € iWu.

Since N is fully invariant
thenm3{rJ = mrJ E J{f}it j, so

x=,tie,,rr, {x) . Thus

fl+l i:)Nc, Y .ff.ts) G . Y .(,\'il&r"] t Al,or
t>trF,

dIN: - Y, (rui-'l,tt* ) since s{i is purely
I t- {

lifting and{";V[1,]d;] fi ${r, then there exists

a pure submodule tr, of &fosuch that .ff, #

t,l,'ftff,) unA {* is small in [, for
lfi

each i'fiI" Since id. is pure in rlfu , 'for each
l;1

i, then by [13] i i*ifi] is pure in

Gi ,.".'rl,rf . ,, (f
. Y...U, -M. Since -*-- " is small in *tEI I F"l Hr.

for each ifil, then one can easily show that

Proof: Let N be a sub-module of M1 S
N42. Since ann (M1) + ann (M2): R, then

by the sarne way of the proof of 11, prop'
(4.2), CH.ll N:NlB:Y3, where Nl is a

sutr-module of Ml and N2 is a sub-module

of M2. Since each of M1 and M2 are

purely lifting, then there exists Kl p_ure in

M1 and K2 pure in M2 such that ff is

,t^f t , 't': rr . 'tt':
small tn; , and ;T ls smalt ln ;; '

One can easily show that Kl ffi i{} is pure

in NI1 # *'f* , and *## is small in

r$1 f-':li: . Let Ki # r? :K. so K is pure in
.'- *. r,+

Mi #3 rWt , K#N and * is small in

lq1 g',Yq . Thus M1 ffi i.IB is purely lifting.
J{

Proposition 3"4: Let Iv{ be an R-module

and let f; : #il. M is purely lifting as R-

raodule if and only if M is purely lifting as

#-rnodule.

Proof: Clear

IL. I

Thus

rQSr
&1

* 
t -1 fl,.\i. l:EI***x-a*

is small in

is small in

r^\
i*l .. ,rt, ..

l#1
i€I'q'

T;)

,rr ''11 -t-t-*;* : .=*
l$ ,. if,,&, .a;ic)' . ,e'! .
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